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Editorial
A tribute to David Masson
1. Background
David Masson was born in Edmonton, Alberta, Canada on February 6th, 1937. His family
lived there until he was 12 when, shortly after his father’s death, David and his mother moved
to Winnipeg. David earned a B.Sc. from the University of Manitoba in 1958, and an M.Sc.
from McGill University the following year. His thesis was entitled Scattering of λ Particles by
Nucleons and was completed under the supervision of Robert T. Sharp, a pioneer in Canadian
theoretical physics [14].
David completed his doctoral dissertation Complex Angular Momentum at Imperial College
(University of London) under the supervision of (later Nobel Laureate) Abdus Salam in 1963.
Abdus Salam had become the youngest Fellow of the Royal Society in 1959. Concerning this
period, Thomas Kibble1 [10] writes: “Being a student of Salam’s was not an easy life; quite a
few gave up and either abandoned research or found a less demanding supervisor. He himself
worked incredibly hard and his students had to do so too. He expected to hear of daily progress
and could be very dismissive of their efforts, but also very supportive of those who met his
exacting standards.”
David was to spend the rest of his career at the University of Toronto. For two years he
was a Lecturer and Research Associate in the Department of Physics. In 1965 he moved to
the Department of Mathematics as Assistant Professor, rising through the ranks to become
Professor in 1977. He served as Associate Chair in the Department of Mathematics in the years
1987–1990.
2. High energy physics, mathematical physics
Dating from his early years in Toronto are the theses of David’s two doctoral students,
L.A. Copley (later Chair of Physics, Dean of Science and V.-P. (Academic) at Carleton
University), “An investigation of symmetry breaking in elementary particle physics” (1968), and
W.K. McClary, “The classical moment problem and quantum field theories in two space–time
dimensions” (1972). At this stage one can see David taking advantage of his deep knowledge of
1 His father W.F. Kibble proved a famous multilinear generating function for Hermite polynomials in 1945. It is known
as the Kibble–Slepian formula, [6, Theorem 4.7.2].
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continued fractions, Pade´ approximation, and moment problems and applying them to physics
problems. At the time the subject of Regge poles was very popular and this also ties in with
three-term recurrence relations and continued fractions. David wrote several papers dealing with
several aspects of the theory of Regge poles, [P1,P2,P3]. The first two were joint with Claude
Lovelace, later to be one of the pioneers of string theory [13]. David’s wrote two papers on the
rotating harmonic oscillator, [P20,P21], and one could say that these papers marked the first
among David’s papers on orthogonal polynomials. He came to the subject through applications.
He wrote two chapters in a volume on applications of Pade´ approximations in physics,
[P10,P11]. He wrote several papers on, or related to, questions of self-adjointness or
essential self-adjointness, starting from his joint papers with McClary on the (g(x)φ4)2
Hamiltonian, [P12], and C∞ vectors [P13]. David saw continued fractions as an important
tool for solving or getting information on specific mathematical physics models. His papers
[P23,P24] amply illustrate this point.
3. Classical analysis
David worked on several areas mostly related to continued fractions and the spectral theory
of operators. The theory of continued J fractions [9] is closely connected to studying solutions
of the difference equation
yn+1(z) = (x − αn)yn(z)− βn yn−1(z). (3.1)
We say that un(x) is a minimal solution of (3.1) in a domain D if limn→∞ un(z)/vn(z) = 0 in
D for any other linearly independent solution vn(z) of (3.1). Pincherle’s theorem asserts that the
continued fraction
1
z − α0−
β1
z − α1−
β2
z − α2− · · · (3.2)
converges in a domain D if and only if the recurrence relation (3.1) has a minimal solution
un(z) in D, in which case the continued fraction converges to u0(z)/u−1(z). Pincherle’s
theorem goes back to 1894 but it was David who recognized its usefulness in determining
orthogonality measures for orthogonal polynomials where the domain D is the upper or lower
complex half-plane and the continued fraction (3.2) converges to

R(z − t)−1dµ(t) and µ is
the orthogonality measure. Earlier Askey and Ismail [4] evaluated the continued fraction by
directly determining the asymptotic behavior of its numerators and denominators. This technique,
although very successful in many cases, had its limitations because determining the pointwise
(strong) asymptotics of the numerator and denominator polynomials becomes harder as the
coefficients in the recurrence relations become more complex. Before David’s work, people
working on continued fractions and orthogonal polynomials viewed Pincherle’s theorem as a
conceptual theoretical tool in the theory of continued fractions. It was David who made the
important observation that the minimal solution can actually be evaluated explicitly. In [P37]
and (with D. Gupta) [P43] David constructed minimal solutions to the three-term recurrence
relation of the associated Wilson and associated Askey–Wilson polynomials. This then led to new
derivations of the orthogonality measures of the associated Wilson and associated Askey–Wilson
polynomials. The continued fraction and orthogonality measures for these polynomials had been
computed only a year earlier in [7,8]. David’s technique not only evaluates the continued fraction
but also gives the minimal solution to the corresponding three-term recurrence relations.
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In [P36], David found what reviewer L.-C. Zhang [MR1124732] called “a beautiful
generalization” of what G.N. Watson called the “best of the theorems on continued fractions to
be found in Ramanujan’s manuscript notebook”, entry 40, in [5, Chapter 12]. This was extended
to a q-analogue by Gupta and Masson [P44].
In [P42], Ismail and Masson solved the moment problem of the q−1-Hermite polynomials
h0(x |q) := 1, hn(x |q) = 2x,
xhn(x |q) = hn+1(x |q)+ q−n(1− qn)hn−1(z|x).
(3.3)
These polynomials were first introduced by Askey [2] who gave an absolutely continuous
orthogonality measure for them. Askey knew that the measure of orthogonality is not unique but
it was Ismail and Masson who explicitly evaluated the four entire functions of the corresponding
Nevanlinna matrix [1]. This is one of several moment problems solved since 1990 but it is
the only one where all N -extremal measures as well as infinite families of continuous and
discrete measures are found. The N -extremal measures are those measures µ which make the
polynomials dense in L2(µ). They are the spectral measures of the self-adjoint extensions of the
symmetric tridiagonal (Jacobi) matrix operator associated with the recurrence relation (3.3) as
an operator (densely) defined on ℓ2. Ismail and Masson also identified a pair of biorthogonal
rational functions whose continued fractions are of type RI I ; see (3.4) below [P42]. This paper
was very well-received. Askey reviewed it in Mathematical Reviews (MR1264148), where he
wrote: “Thanks to what Bochner used to call “the miracle of theta functions”, the authors
are able to solve an important moment problem in more detail than I ever thought would be
possible.”
In [P48] David studied a generalization of Askey–Wilson polynomials and their continued
fraction. He used a three-term contiguous relation satisfied by a special linear combination of
balanced very-well-poised 10φ9 basic hypergeometric series. The associated continued fraction
is derived in closed form. This continued fraction has seven independent parameters and is
expected to be the most general continued fraction related to the orthogonal polynomials
of hypergeometric type. Continued fraction results associated with Ramanujan’s entry 40
and Askey–Wilson polynomials are limiting cases of the continued fraction obtained in
this work. Watson describes entry 40 in Ramanujan note books as Ramanujan’s “crowning
achievement”. The continued fraction in [P48] is indeed a giant landmark in the field of continued
fractions.
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Ismail and Masson [P47] generalized the T -fractions [9] to continued fractions associated
with three-term recurrence relations of the form
Pn+1(z) = ρn(z − vn)Pn(z)− un(z − an)(z − bn)Pn−1(z), n > 0, (3.4)
with initial conditions P0(z) = 1, P1(z) = ρ0(z − v0). The corresponding continued fraction is
called an RI I fraction. They proved that there is a linear functional L such that
L
[
z j Pn(z)
An(z)Bn(z)
]
= 0, 0 ≤ j < n. (3.5)
Hence there is a second family of polynomials {Qn(z)} which satisfy the biorthogonality relation
L
[
Q j (z)Pn(z)
An(z)Bn(z)
]
= 0, 0 ≤ j < n. (3.6)
Zhedanov [15] showed that the construction of the linear functional L is related to the spectral
theory of the generalized eigenvalue problem
AX = λBX (3.7)
where A and B are tridiagonal matrices and X is a vector. Zhedanov also showed that the second
family comes from the adjoint problem. Ismail and Masson also defined RI type continued
fractions where the coefficient of Pn in (3.4) is (z − an). At the time we only knew of
very few explicit examples of RI and RI I fractions. We now know of many examples of the
biorthogonal functions which arise from RI I type recurrence relations. The Al-Salam–Ismail
functions [3], and the Ismail–Masson functions [P42] are examples. They are 4φ3 functions.
Rahman introduced a 10φ9 family in [12]. More recently Macdonald [11] used Hecke algebras
to construct families of biorthogonal rational functions. So this class of biorthogonal rational
functions is very rich, with many important members which arise in different contexts. Ismail and
Stanton have extended Macdonald’s work and found many more families of biorthogonal rational
functions satisfying RI I -type recurrence relations. The concept of the generalized eigenvalue
problem is related to models of mathematical physics, so Zhedanov’s work [15] showed the
importance and applicability of continued fractions of these types in mathematical physics. There
are now many physical models, called RI I chains, based on RI I recursions.
David died at Royal Jubilee Hospital in Victoria, British Columbia, on October 5th 2008.
David and Noemi Masson were married in London, England, in 1960. David is survived by
his wife, their daughters Sharonah, Adina and Deborah, and eight grandchildren ranging in age
from 2 months to 14 years old at the time of his death.
David, we and all your friends miss you very much. Thank you for your mathematical
contributions and for being a very good friend.
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